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Determinants & Matrices

BASIC CONCEPT Section -1

1.1

Introduction (Second Order)
The following pattern represents a second order determinant.

a b

a b

The four numbers a, a,, b, and b, are called the elements of the determinant. The elements in the horizontal line are
said to form a row and the elements in the vertical line are said to form a column of the determinant. The above determinant

. nd . .
is 2 -order as it contains 2 rows and 2 columns.

Columns

Ll

Value of the Determinant
The value of 2" -order determinant is given as :

value=a; b, —a, b,

THIRD-ORDER DETERMINANT Section - 2

2.1

Introduction

A determinant which consists of 3 rows and 3 columns is called a 3 -order-determinant and is of the following form.

Columns
G G G
VN

A I C : Columns

Rows R, —l|a, b, ¢
’ 2 7 R :Rows

R3 e as b3 C3

Elements of a determinant are denoted by : a4 where i : represents Row No., j : represents column No.

Let us consider the following third order determinant.

2 -4 6 @, = element in 1st row and 1st column =2
0 1 2 az, = element in 3rd row and 2nd column =5
-1 5 3 az3 = element in 3rd row and 3rd column =3
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Hence in general, a third order determinant can be represented as follows :
a4 a3
dzy Ay Ap

az; 4z dsg

2.2 Minors and Cofactors
Minor of an element :
If we take an element of the determinant and delete ( remove) the row and column containing that element, the determinant
of the elements left is called the minor of that element. It is denoted by M.
Consider the determinant :
(48] (4 3 Minor of ap ZMM
a a a a a
21 Gy dp3 My, = 22 U3
d3; dyp  dzg 3 433
MinO]‘ Of a22 = M22
a a3
My, =
a3) 433
Similarly you can see yourself that :
a a a a
My, = 21 @3 and My, = 21 A
431 d33 az; dzp
Cofactor of an element :
The cofactor of an element a; (i.e., the element in the i row and jth column) is defined as (—l)i *J times the minor of that
element. It is denoted by C,.
_ .
Cl-j =(-1)"/ M;;
Note : Clearly, we see that, it we apply the appropriate sign to the minor of an element, we have its cofactor.
The signs form a check-board pattern.
+ - +
— + —
+ - +
rd .
2.3 Method to evaluate the 3 -order determinant

Consider the following determinant :

a b ¢
a b o
a by 3
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Expansion of determinants using cofactors

A determinant can be evaluated by taking elements of any row or column and multiplying with their cofactors. Consider

the following determinant :

Expanding determinant by first row and taking appropriate signs.

(remember the checker -board pattern)
D= +Cl] Mal _bl Mhl +C1ML.1

a, by
= +a1

by ¢

We can also expand the determinant by Lst column taking appropriate signs.

a3 by

D= +Cl1 Mal—az Ma2+ (22} Ma3

by ¢ b ¢
= +a1 —a

by ¢

lllustrating the Concepts :

3 2 12
Evaluate : |0 1 8
2 9 7

Expanding The Determinant By 1st Column, we get :

1 8 ‘2 12 ‘2 12‘
D=3% -0x +2X
9 7 9 7 1 8
= D=3(7-72)-0+2(16-12)
= D=-187
PROPERTIES AND THEOREMS OF DETERMINANTS Section - 3

3.1 Properties

Determinants have some properties that are useful as they permit to generate equal determinants with different and
simple configuration of entries. This in turn, helps us to find value of determinants. In other words, they help us in

their transformations.

We shall list these properties below and give their proofs using third order determinants for any order.
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(i) If rows be changed into columns and columns into rows, the determinant remains unaltered.

Proof : Let us consider the determinant :

q dp a3
D = bl b2 b3
q G G

Evaluating by I*" row, we get :
D =a; (bycy — bycy) —a, (bycz —bycy) + ay (bjcy —byey) ... (D)

If D’ be the determinant obtained by changing rows into columns and columns into rows :

Evaluating by Ist column, we get: D'=|ay, b, ¢,

D = ay (bycy — bycy) —ay (bycy — bycy) +az (bycy —byey) ... (i)

Using (i) and (ii), D=D'

(i) If any two rows (or columns) of a determinant are interchanged, the resulting determinant is the negative of the original
determinant.

Proof :

Let D be original determinant (same as above). Now, Let D’ be the determinant obtained by interchanging the first and

second rows of D.

D'=|ag a a
G 6 4
Evaluating by st row, we get :
D’ = b, (ayc; — azcy) — b,y (ajc5— ase)) + by (ajc, — ayc))
= by a,c3 — bjasycy — byacy + azc by + biagc, — baasc,
=a, (bycy — bycs) —a, (byc) — bjcy) + ay (byc) — bc,)

=—[a, (bycy — b3cy) —ay (byeg — bycy) + ag (bycy — byey)]

=-—D
Note : If any line of a determinant D be passed over ‘m’ parallel lines, the resulting determinant D’ is equal to (- 1)™ D.
o boq by o a
D = ay b2 Cy = DIZ bz Cy ay
a by o by ¢ a
= D'=(-1D=D
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If two rows (or two columns) in a determinant have corresponding entries equal, the value of determinant is equal
to zero.

Proof :

Let determinant D has 2™ and 3™ rows identical. i.e.,

a b g

a b
Clearly, the determinant D’ remains same as D, but from property 2, its value is — D.
= D=-D
= 2D=0 = D=0
(iv)  If each of the entries of one row (or column) of a determinant is multiplied by k, then the determinant is
multiplied by k.

Proof :

Let D be the original determinant and D’ be the determinant obtained from D by multiplying the elements of first column

by k.
ka, b ¢
D'=\|kay b, ¢,
kay; by o3

Evaluating D’ by first column, we get :
D = ka, (bycy — cybs) — kay (bycy — c1b3) + kay (bycy — ¢1by)
D’ =k [a; (bycy — cybs) — ay (bycy — ¢1D3) + a5 (bycy — ¢,b,)]
D’ =k (D)
(v) If each entry in a row (or column) of a determinant is written as the sum of two or more terms, then the determinant can
be written as the sum of two or more determinants.
Proof :
a+B b ¢
D=|lay+P b
a+Poby oG

Evaluating D, by first column, we get :

Let

D = (a; + P)) (bycy — c3b,y) — (ay + Py) (byc3 — c1b3) + (a3 + P3) (bjcy—c by)

=ay (bycy — c3by) — ay (byc3 — € 1b3) + a5 (bycy — €1Dy) + Py (Dycy — C3by) — Py (Dyc3 — €1b3) + Py (bycy — ¢1D5)
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a b o |B b g

a+R b oo | b o |B b ¢

2 |=la by o+ B b oo

as+PB by o3| |ag by o3| [P by o

(vi)  Ifto each element of a line (row or column) of a determinant be added the equi-multiples of the corresponding elements
of one or more parallel lines, the determinant remains unaltered.
a +lay +may a, ag @ a, a
by +1by +mby by by|=|by by b
¢ tley +mey ¢y aq ¢ o
Proof :
4 a4 a3
Let D=\ by, b
a @ a
n d
D’ be the determinant obtained by adding [ times the elements of 2 ¢ column and 1 times the elements of 3" column to
the corresponding elements of 1"column of D.
a tla, +ma; ay, a3
= D’: b1+lb2+mb3 b2 bj
ctley+mey ¢ o
a a, as la, ay a3 mas a, as
= D'=|b by by|+|lby by by|+|mby by, by [By property (V)]
6 € 3 ley ¢ o mey; ¢ G
aq a a3 @ 4@ 4 a3 a4y a3
= D'=\b b, by|+l|by by by|+m|by by by [By property (iv)]
a @ a G 0 A G G a
q a a3
= D'=\b by, by|+1(0)+m(0) [By property (iii)]
a @ 4
q a4 a3
= D,= bl b2 b3
a ¢ G
(vii)  If each entry in any row (or any column) of a determinant is zero, then the value of determinant is equal to zero.
Proof :
a 0 b
Let D= [2%) 0 b2
(2%} 0 b3

Clearly, evaluating by 2nd column, D =0

6 m Self Study Course for IITJEE with Online Support



Vidyamandir Classes Determinants and Matrices

(viii) If the elements of a determinant that involve x are polynomials in x, and if the determinant is equal is zero when a is

3.2

substituted for x, then x — a is a factor of given determinant.

To clearly illustrate this property, we will consider an example.

lllustrating the Concepts :
a b ¢

Prove that D = |a*> b* ¢*|=(a—b) (b-¢) (¢c —a) (ab + bc+ ca)
bc ac ab

. ) . ) + ky (ab + ac + b)) ()
If a be substituted for b, first two columns become identical

therefore force by property 3, D = 0. Now determine &, and k,

Thus (a — b) is a factor of determinant. Put a=0,b=1,c=2onboth sides of (i), we get :

Similarly, (b — ¢) and (¢ — a) are also factors of determinant. 4=20Gk+2k) <o (i)
[By property (viii) ] Now puta=0,b=2,¢=3,in (i) we get :

Now, since given determinant is homogenous and 36=6(13k +6k,) .+« (i)
symmetrical in a, b and ¢ and of fifth degree, there must Solving (ii) and (iii)

be another factor which should be quadratic and k=0 and k, =1

trical in a, b and ¢.
Symmetricatin @, &anc ¢ —  D=(a-b)(b-c)(c—a)(ab+bc+ca)=RHS.

Let D=(a-b)(b-c)(c—a)lk (@*+b*+c?

Theorems

(i) The sum of the products of the elements of any row (or column) of a determinant with the corresponding co-

factors is equal to the value of determinant.

Let us consider a determinant D :

a b g
p=|®2 b o
a by oo

According to the theorem ; (taking Ist row)

a Cal + ay Ca2 + a3ca3 =D

From L.H.S.
) 5! G
= a 2 +a2><(—l) b] +a3 bl
by by ¢ by ¢
= ay (bycy— bacy) —ay (byeg —bsey) + ay (bycy — byey)
=D = R.H.S.
(i) The sum of the products of the elements of the row ( or column) with the co-factors of the corresponding

elements of any other row ( or column) is zero.
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a dy daj
Le'[ D = bl b2 b3
a ¢ G

According to the theorem ;

from L.H.S.

a a a a
SRR A ) R A

€ (3 G G

33 An Important Note

Try to understand meaning of following operations.

C : column, R : row

a ap

G O

Vidyamandir Classes

a Cbl + Clzcbz + a3C[73 =0

a a3
a2 613 :0 = RHS

G G

[By property (iii)]

C, »>C,-C, : Writing C; (subtracting 2nd column from Ist column)
R, - R/ —-R, : WritingR, (subtracing 2nd row from first row)
R, — R, -2 Ry : Writing R, (subtracting the twice of 3rd row from second row)
> Try to get all the elements of any row or column as 1 :
| 1 1
= L ... ....] or
1
> Then apply Ry - R, - R, and R, - R, - R,
or C,—>C-C, and C, > C,-Cy
> In this way, 2 elements of C; or R, will be equal to zero. Then expand the determinant using C; or R;.
265 240 219
The value of |240 225 198|is:
219 198 181
(A) 0 B) 1 ©) -1 (D) None
SOLUTION : (A) 4 21 9 I 21 9
If we simply try to evaluate the determinant by any = D=\-12 27 =72\=4=3 27 -T2
4 17 11 117 11

row or column, lot of calculations will be involved. So
in order to make things simpler, we will apply property

6 as follows:

Operate ¢, - C, - C, and C, — C, - C,4

265-240 240-219 219 25 21 219
D=1240-225 225-198 198 |=|15 27 198
219-198 198 —-181 181 21 17 181

Operate C;, - C, - C, and C; — C; - 10 C,

[Property-(iv)]
Operate R, — R, + 3 R and R; — R; — R,

1 21 9
= D=4]0 90 45
0 4 2
Now evaluating by 1st column, to get

D=4[1(180 - 180)— 0 (42 + 36) + 0 (= 45 x 21
~9x90)]=0
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Note : While evaluating a determinant, try to make at least two elements of either a row or a column as zero and

then it becomes easy to open a determinant by that row or column (as done is last Ex.)

llustration - 2_4 la b
Thevalueof |1 b c+a| is:
1 ¢ a+b
(A) 1 (B) 0 (©) a+b (D)
SOLUTION : (B)
Operate C; — C5+ C, inL.H.S. to get :
=(a+b+c)
1 a a+b+c
LHS.=|1 b a+b+c
=0=R.H.S.

1 ¢ a+b+c

1 a1
1 b 1|=(a+b+c)(0)
1 1

o

[Using property (iii) and (iv)]

llustration - 34 | ® &

2

Thevalueof | ® ® 1 | (0 : cube root of unity) is :

o 1 o
(A) 1 (B) -1 (©) 0 D) (0]
SOLUTION : (C) 2
0 o o
Operate ¢} — € + €, + C; to get : =0 o 1 [sum of cube roots of unity]
l+o+0° o o 0 1 o
=[l+o+0® o |1 =0 [Using property (vii)]
l+o+o0° 1 o
lllustration - 4 0 a-b a—c
Thevalueof |b—a 0 b—c| is:
c—a c—b 0
(A) a (B) b © 0 (D) None of these

SOLUTION : (C)
Operate R, — R, — R, and then R, - R, — R;
to get :
a-b a-b a->
=|b—c b—c b-c
c—a c-b 0
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SOLUTION OF SYSTEM OF LINEAR EQUATIONS USING DETERMINANTS Section - 4

Method of solving system of Linear equations
Consider a system of simultaneous linear equations in three variables namely x, v, z
ax+by+cz=d
ax + by +cyz=d,

azx + by + cyz=d,

a b q
Let D=|a, b o
a by
> Elements of D are arranged in the same order as they occur as coefficients in the equations
d b ¢
D] = d2 b2 Cy
dy by
> D, is obtained by replacing Ist column of D by d|, d, and d,
a d ¢
D2 = a2 d2 C2
a; dy
> D, is obtained by replacing IInd column of D by d,, d, and d;.
a b d
Dy=|% by d,
ay by dy
> D, is obtained by replacing IlIrd column of D by d,, d, and d,

The following cases can arise :

(A) (1) D #0:In such case, the system has precisely one solution (unique solution), which is given by Cramer’s
rule:

B N R

’ ’

%
D D D

(i) D=0 and at least one of the determinants D; D, or D; is non-zero, then the system is inconsistent i.e.,

it has no solution.
(i) D =0and D, =D,=D,=0, then the system has infinite solutions.
(B) Homogenous and Non-Homogenous System

(i) Ifd, =d,=d;=0, then system is known as a homogenous system of equations. If the system of equations

is homogenous, then D| = D, = D, = 0 (. value of determinant is zero, if one column has all elements = 0)
x =y =z =0 and non-trivial solution (infinite solutions) exists if and only if D = 0.
The system has at least the trivial solution, i.e., x =y =z =0.

(i) If at least one of the d; ,d, and dj is non-zero, the system is known as non-homogenous system.
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(C) An Important Theorem
A system of three linear equations in two variables i.e.,
ax+by+c, =0
ax+byy+c,=0

ayx+byy+c;=0

@ b ¢
is concurrent if : a by c|=0,
a by o«

lllustrating the Concepts :

Investigate for what values of A and |\, the following system of equations
xX+y+z=6
x+2y+3z=10
X+2y+Az=U

have (1) a unique solution (i1) no solution and (iii) an infinite number of solutions.

111 6 1 1 16 1 116
D=1 2 3|=4-3 D;=|10 2 3|=21-16+u, D,=[1 10 3|=2(24-pu+4), Dy=[1 2 10(=x-10
1 2 A 2 A 1 u A 1 2 u

A#3 = D #0. Hence the given system has unique solution
A=3 = D=0andpu#10 = D,;#0,D,#0, Dy# 0. Hence the given system has no solution.

A=3 > D=0andu=10 = D, =0,D,=0, D;=0. Hence the given system has infinite solutions.

lllustrating the Concepts :

Show that the equations :
x+y+z =3
3x =5y +2z =8

Sx =3y + 4z =14  are consistent and solve them

11 311 Solve the above equations to get :
D=3 -5 2|=0, D=8 -5 2|=0
534 14 -3 4 N L e
8 8
3 1 r1r 3 where k is any arbitrary constant.
D,=3 8 2/|=0, Dy=3 -5 8|=0 — -
5 14 4 5 3 14 Note : If we observe carefully, subtracting (iii) equation
from (i) equation will generate (ii) equation
Hence the given system of equations is consistent and (Hence dependent equations)

has infinite solutions.
Letz=k where k is any arbitrary constant.

= x+y+k=3and3x-5y+2k=8
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m Thevalue of k do the following homogenous system of equations possess a non-trivial solution?
x+ky+3z=0

3x+ ky-2z=0
2x + 3y—-4z=0
(A) 1 (B) 33/4 ©) 33/2 (D) None of these

SOLUTION : (B)

For non-trivial solutions, D =0 1 k 3

1 k 3 0 -2tk -11|=0
= D=3 k =-2|=0 0 3-2k -10

2 3 —4

Evaluating by 1st column, we get, k= 33
Operate R, — R, —3R and R, — R, — 2R, toget: 2

Illustration - 6 The solution for the following system of equations.

x+4y-2z=
3x+y+5z=7
2x + 3y +z=5is:

(A) Consistent (B) Unique (@) No solution (D) None of these
SOLUTION : (C)

For a non-homogenous system (like the given one), D=1(1-15-34+6)+220+2)

there is no solution if D = 0 and at least one out of D, - D=0

D,, D5 is non-zero. 3 4 -2
4 -2 Now D;=|7 1 5|=-2 = D=#0

D=3 1 5 5 3 1

2 3 1

Hence the system has no solution or we can say that
Evaluating D, we get

WEECEUEUREAY The value of ‘A for which the set of equations

x+y-—-2z=0
2x =3y +z=0

the system is inconsistent.

x—5y +4z = A are consistent.

@a 1 @) 2 ©) 0 ») -1
SOLUTION : (C)
A non-homogenous system has unique solution if Hence D,, D, and D5 should all be zero.
D #0and infinite solutions it D=D;=D,=D;=0 ie. D=0
1 1 -2 0 1 -2
Now D=2 =3 1 |=0 = D;=|0 -3 1]=0
1 -5 4 A -5 4

= A(1-6=0 = A=0
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Illustration - 8 System the equations :

dx + 5y —-9z=0
Nx-4y-72=0

x+2y—-3z= 0 have
(i.e. satisfied by the same values of x,y and z)

(A) Consistent (B) Inconsistent ©) No solution (D) None

SOLUTION : (A) = D=4(12+14)-5(33+7)-9(22+4)

If a homogenous system of equations is consistent, D
= D=104+130-234
must be zero, because D, D, and Dj are already zero.

= D=0
4 5 -9 . . e
1 -4 -7 Hence the equations are consistent and have infinite
= D= -4 -
. 9 3 solutions.
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Matrices

BASICS Section - 5

5.1

Definition
A matrix is a rectangular structure in which an array of numbers is written within brackets. These numbers may be real
or complex. In general, a matrix is usually represented by a capital letter and classified by its dimensions. It may

be represented as:

apg Ay evveiinn ap,
A= Ayl A2 e as, or A= (aij)m <n
Ayl A2 e (27 mxn

where the first suffix in ; ; namely °/” denotes the row number in which a;; lies and the second suffix °/” denotes the
column number in which the element aj; lies.
A matrix with 7z rows and n columns is called /2 x 7 matrix and the size (or dimension) of this matrix is said tobe 72 x 7.

m x n 1s also known as the order of the matrix.

Note : The matrix is not a number. It has no numerical value. But it is a structure.

14

Consider the following information regarding the number of men and women workers in three factories,

Factories Men workers Women workers
I 30 5
11 25 11
111 27 6

lllustrating the Concepts :
Represent the above information in the form of 3 x 2 matrix. What does the entry in the third row and second

column represent ?

30 5
The information is represented in the form of a 3 x 2 matrix as follows : 25 11
27 6

The entry in the third row and second column represents the number of women workers in factory III.

Important Terms Related to Matrices
(1 Element of Matrix :

Each of the mn numbers of an m X n matrix is called an element,
@) Leading Element :

The element lying in the first row and first column is called leading element (or leading entry) of a matrix.
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(i) Diagonal Elements :
An element of a matrix A = [ 4, ] is said to be diagonal element if i = j. Thus an element whose row suffix equals
to the column suffix is a diagonal element. e.g. a;;, a,y, as3 . . . are all diagonal elements.
(iv) Principal Diagonal :
The line along which the diagonal elements lie is called the principal diagonal or simply the diagonal of the matrix.
TYPES OF MATRICES Section - 6
6.1 @) Row Matrix
The matrix having order 1 X n or matrix having only one row is called row matrix. In row matrix, the number of
columns may be ‘n’ where n € N.
Example : » 95 2] (i[5, 8,-1,2] (1) [by, by, bs,...... b,
(ii)  Column Matrix
The matrix having order m x 1 or matrix having only one column is called column matrix. In column matrix the
number of rows may be ‘n’ where ‘n’ € N.
5 @
9 %
Example : () 5 (i) | (i) a
-3 a:
(iii) Zero Matrix or Null Matrix
A matrix each of whose elements is zero is called a zero matrix or null matrix. A zero matrix of order m x n is
denoted by O,, , .
00 000
Example : a 0 0|=0 (i1) =0
p ) 32 00 0 2%3
00
@iv)  Square Matrix
A matrix in which the number of rows is equal to the number of columns is called a square matrix, otherwise, it
is said to a rectangular matrix. Thus, a matrix A = [q],, ., is said to be a square matrix if m = n and a
rectangular matrix if m #n.
(\J) Diagonal Matrix

A square matrix A = [al-j] is said to be a diagonal matrix if all its non-diagonal elements are zero.

Thus A =[a is a diagonal matrix if a; = 0 fori#j.

ij] nxn

2 0 0 |la 0O
Example: |0 3 0];{0 b 0] are diagonal matrix.

0 0 4/|0 0 ¢
An n-rowed diagonal matrix is briefly written as diagonal (d|, d,, . . ., d,) where d|, d,, . . . d, are the diagonal
elements. Thus, the above two diagonal matrices can be written as diagonal (2, 3, 4) and diagonal (a, b, ¢)

respectively.

Note : The diagonal elements of diagonal matrix may or may not be zero. ‘
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(vi)

(vii)

(viii)

Unit Matrix or Identity Matrix

A square matrix is said to be a unit matrix or identity matrix if
0] all its non-diagonal elements are zero,

(7i7)  all its diagonal elements are each equal to unity i.e. 1.

0 when i#j
Thus A= [aij]n xn

is said to be a unit matrix or identity matrix if a; = o
1 when i=

A unit matrix of order # is defined by I, or simply by /.

1 0 00
1.0 0
10 0100
Example : o 11’ 0 L 0}; 00 1 ol e all unit matrix and denoted by 7,, I, I, respectively.
0 0 1
0 0 0 1

Scalar Matrix
A square matrix A = [al-j] is said to be a scalar matrix if
(i) all its non-diagonal elements are zero

(i)  all its diagonal elements are equal.

) o 0 when i#j
Thus A =[ayl, « , 18 a scalar matrix if a; = fowhen f= g
d 0 0 0
2 00
04 00
Example: [0 2 0 0 0 d 0
00 2
0 0 0 d

are scalar matrix. They can be written as diagonal (2, 2, 2) and diagonal (d, d, d, d) respectively.

Upper Triangular Matrix

A square matrix all of whose elements below the principal diagonal are zero is called an upper triangular matrix.

Thus A =[ayl, « , is an upper triangular matrix if a;; = 0 for i > j.
4

Example: |0 5 -1/ isan upper triangular matrix.
2

|Note : The elements along the principal diagonal or above it may or may not be zero.

(ix)

Lower Triangular Matrix

A square matrix all of whose elements above the principal diagonal are zero is called a lower triangular matrix.

Thus A= [al-j]” « n 18 @ lower triangular matrix if a; = 0 fori <.
-1 00
Example : 5 6 0| isalower triangular matrix.
321
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(x) Triangular Matrix :

A matrix which is either a lower triangular matrix or an upper triangular matrix is called a triangular matrix.

(xi)  Triple diagonal Matrix :
A square matrix is triple diagonal matrix if all of its element except on principal diagonal and the diagonal lying
above and below it are zero.

(xii) SUR or Trace :
The sum of all diagonal elements of a matrix is called Trace. This is defined only for a square matrix.

Le., trace = Zaij when i = j

(xiii) Comparable Matrix :
Two matrix are said to be comparable when they are of the same type. Thus two matrices

A= [al:]-]m <« pand B = [bl:]-] are comparable it m = p and n = gq.

P xq
(xiv) Equality of two matrix :
Two matrix A and B are said to be equal (written as A = B) if

(a) they are of the same type and

(b)  their corresponding elements are equal.

Thus, if A =[ayl,, ,. B=1[byl,, then A =Bif
(a) m=p n=gq (b) a; = bl-j for all i and j.
ADDITION OF MATRICES Section - 7

7.1

Addition of matrix

LetA = [al:]-]

(A + B) is a matrix of the same type m X n, each of whose elements is obtained by adding the corresponding elements

mxnand B=[b;], . betwomatrices. Only when they are of the same type, then their sum denoted by

of matrix A and B.

Thus, if A =a;]

ilmxnsB=1b then A+ B= [(aij +bij):|mxn,f0r all i and j

ij]m X n

Note : If A + B = C=|[c;]

then ¢;; = a;; + b; for all i and j.

mxn j

lllustrating the Concepts :

5 -2 0 0 -2 4 1 2
Given matrix : A=|3 0 5|, B=|1 0|, D=|1 5 6
-1 0 8 0 5 0 2 4
Find (whichever defined).
(i) A+ B (ii) A + D.
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SOLUTION :
0] A is a matrix of the type 3 x 3. 5 -2 0 4 1 2
B is a matrix of the type 3 x 2. A+D=| 3 0 5/+1 56
. -1 0 8 0 2
Since A and B are not of the same type.
Sum (A + B) is not defined. Sid4 241 042 9 _1 2
(i)  Here A and D are matrix of the same type so the = 341 0+5 5+6|=| 4 5 11
sum (A + D) is defined and —-1+40 O0+2 8+4 -1 2 12
7.2 Properties of matrix addition
) Addition of matrix is commutative.
i.e. if A and B are any two matrices conformable for addition (i.e. of the same type), then,
A+B=B+A
(i) Addition of matrix is associative.
ie. if A, B, C are matrices of the same type, then

A+B)+C=A+B+0)
(iii) Existence of additive identity.
i.e. for any matrix A, there exists the null matrix O of the same type such that
A+0=0+A=A
@iv) Existence of additive inverse.
i.e. for any matrix A, there exists a unique matrix X of the same type such that

A+ X=0=X+A.

) Cancellation Law : If A, B, C are three matrices of the same type, then
(a) A+B=A+C = B=C (Left cancellation)
(b) B+A=C+A = B=C (Right cancellation)

Note : For a given matrix A = [aij], if there exists a unique matrix [— aij] such that [aij] + [~ aij] =0.

This matrix [— al-j] is denoted by — A and is called the additive inverse or negative of A. Thus, we have

A+(A)=(-A)+A=0

7.3 Difference of two matrix

Let A and B be two matrices of the same type. The subtraction of B from A, denoted by A — B, is the sum of A and
the negative of B.

Thus A-B=A+(-B)
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lllustration - 9

1 10 2 35 3 2 3
The value of 10 1|+ 4 5 6|- 2 0 4|is:
2 1 0] [-2 3 5] |V2-2 45

1 0 2 2 0o 2 2
(A) 3 5 -3 B) 3 5 3 () 3 5 -3 (D) None of these
1 00 0

SOLUTION : (B)

I 1.0 2 35 323 3+ (-3) 44(=2) 5+(=3)
1 0 Lj+| 4 56— 2 0 4 = 5+(=2) 540  T+(-4)
V2 1 o) [-23 V2-2 4 2-2+(—2+2) 4+(-4) 5+(=5)

3 45 -3 -2 -3
= 5 571+ -2 o0
V2-2 4 5] |-\2+2 -4 -5

|

~

1l
S W O
[« BV, I 9]
S W N

lllustration - 10 1 2 -5

3 -1 2
Given A=|5 0 2| agndB=|4 2 5|. Thematrix C such that A + 2C = B is :
I -1 1 2 0
2 35 0 3 0 -1 3 0 01 0
(A) C:% -1 2 3 (B) C:E -1 0 3 ©) C:%I 0 3( (D C:%O 0 3
1 1 0O 0 2 I 2 3 1 1 2
SOLUTION : (A)
Given: A+2C=B and 2C=B-A
2 -3 5
S B = 2c=|-1 23
= w=14 2 5/-|5 0 2 ) 5
2 0 3 1 -1
2 -3 5
3-1 -1-2 2+3 IR | R
=|4-5 2-0 5-2 2 |
2-1 041 3-1

7.4 Multiplication of a matrix by a scalar

Let A = [a;],, . , be any matrix and o be any scalar, then multiplication of the matrix A by the scalar o, is denoted by

A and is obtained by multiplying each element of A by o. Thus

oA = o . [a;] = [0a; ]

ijfdm x n ijdm x n
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7.5

Properties of Multiplication by a scalar

IfA = la;] and B = [bij] are matrices of the same type and o and P are any scalars, then
(@) a(A+B)=0A + oB
(i1) (+B)A=cA +BA

(i) o (BA) = (o) A

MATRIX MULTIPLICATION Section - 8

8.1

8.2

Conformability for multiplication
Two matrices 4 and B are said to be conformable for the product AB (in this very order of 4 and B) if the number of
columns in A (called the pre-factor) is equal to the number of rows in B (called the post-factor). Thus, if A and B are of

the types m x n and p x ¢ respectively, then

(@) AB is defined if number of columns in A = number of rows in B
= if n=p.

(in) BA is defined if number of columns in B = number of rows in A

= if q=m.

Multiplication of Matrix

LetA = [a.] and B = [b; ] be two matrices conformable for the product AB, then AB is defined as the

ijlm x n ijdn X p
matrix C = [cij]m 2
n
where ¢; =D ay by (i=1,2,.....m:;j=12,....,p)
k=1
ie. c;; = sum of the products of the elements of i/ row of A with the elements of the j column of B.

L

lllustrating the Concepts :

2 3 4 2
Find the product of the matrices | 1 2 s and | 3 —41.
-5 6
Let the given matrices be denoted by Aand B respectively. 214+33+4 (_5) 2243 (_ 4) +4.6
A is of the order 2 x 3 and B is of the order 3 x 2. - {— 11+23+ (=55 -12+2(=4+ (5. 6}
The product AB is defined and is a matrix of the -9 16
order 2 X 2. 30 —40
2
2 3 4 3 _4
AB=1_1 2 s
-5 6
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8.3 Properties of matrix multiplication
(i) Matrix multiplication is associative :
ie. It A, B, C are matrices of the type m x n, n x p and p x g respectively, then (AB) C=A (BC)
(i) Multiplication of matrices is distributive with respect to the addition of matrix :
i.e. If A is a matrix of the type m x n and B and C are matrices both of the same type n x p, then
AB+ C)=AB + AC.
8.4 Positive Integral Powers of Matrix
Let A be any square matrix of order n.
Then A= AA
AP =AAA
and A" =AAA...mtimes

All are square matrix of order n.

(i A" A= (AAA ... mtimes) (A.AA...ntimes)

A.AA...(m + n) times

— Am+n
Similarly, (ii) A™Mr= A™
Also, we define AV= |

Note : Matrix multiplication of matrix is not commutative in general i.e. AB # BA.

Illustration - 11 2 0 1

Let f (x) = x> — 5x + 6. Then the value of f(A),is if A = |2 1 3| is:

1 -1 0
0 -1 3 00 -3 1 -1 -3 1 2 3
(A) 1 1 -10| B) 1 2 10 (C) 1 -1 -10| (D) -1 -1 0
5 4 4 6 4 1 5 4 4 4 -5 4

SOLUTION : (C)
f)=x>-5x+6=x>-5x+6x" [+ '=1]

Substituting the values of A% A and I in (1), we get:

fA)=A2-54+6A" =A2 54 +6I ...(0) > b2 2 0l
9 -2 5|-5/2 13
2_ f)=
2 0 1]f2 0o 1] [5 -1 2 10 0 1 -1 -3
=12 13)|2 1359 -2 5 +6/0 1 0[=[-1 -1 -10
1 -1 0|1 -1 0] [0 -1 -2 00 1| |=5 4 4

Note : Matrices are such systems where the product of two non-zero matrices can be a zero matrix.

If A#0,B #0and AB =0, then A and B are called zero divisors.
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8.5 Transpose of a matrix
Given a matrix A, then the matrix obtained from A by changing its rows into columns and columns into rows is called
the transpose of A and is denoted by A” or A”.
1 2
For example, if A= {1 02 5} then A'= 0 -1
2 -1 3 7
5 7
Thus if A is of the type m x n. then A’ is of the type n x m.
In symbols, IfA= [aij]m « »» then
A’ = [az,- 1,y x m Where al_-'/- =aj ie (i, ) element of A” = (j, i)™ element of A.
8.6 Properties of Transpose of matrix
If A’, B’ denote the transpose of A and B respectively, then
@ A=A
(i) (A + B)Y=A" + B’; provided A, B being conformable for addition.
(i) (kA) = kA" where k is any scalar.
(iv) (AB) =B'A’
In general (A;A,A;. .. .. A, A) =ALA . ASA)
v) If ‘A’ is an invertible matrix, then (A~!) = (A’)™!
SPECIAL TYPES OF MATRICES Section - 9

(i)

(ii)

Symmetric Matrix

A matrix A is said to be symmetric if A” = A i.e. if the transpose of a matrix is equal to itself,
Let A=lagly «»

A = (0411 5 m where oy =ay;

A = A’ if and only if

@) m = n and (ii) o.=a.;
ie. if A is a square matrix and a;; = a;
Thus we may also define a symmetric matrix as :

A square matrix A = [a;] is said to be symmetric if a; = a;; for all i and j.

Skew-Symmetric Matrix

A matrix A is said to be skew-symmetric if A” = — A i.e. when a matrix equals the negative of its transpose.
Now, let A= [aij]m ‘n

A’ =0y, x,, Where o = —ay.
Now A =—A,
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It [a‘ij]m xn— - azj]m X n
or if m =nand a; = - a;
or if A is a square matrix and a;; = — a;;

Thus we may also define a skew-symmetric matrix as:

A square matrix A is said to be skew symmetric if a;; = — a;; for all i and ;.

In particular, a;=-a; whenj=1i
ie. 2a;;=0 for all i
or a; =0

Note : Thus in a skew-symmetric matrix, all the diagonal elements must be zero.

Properties of symmetric and skew symmetric matrices:

A’A
(@) AN | > Symmetric matrices
A+ A
(i) A-A" > Skew symmetric matrices
(ii1) If A = skew symmetric then

A? = symmetric and A% = Skew symmetric i.e.
(a)  If the power is even, then it is symmetric.
(b)  If the power is odd, then it is skew symmetric.

@iv) If A is skew symmetric matrix of odd order then |A| =0

If A is skew symmetric matrix of even order with integer elements, then |A| is perfect square.

Illlustrating the Concepts :
1 3

1 -2 3
If A = { 4 2 5} and B=|-1 0|. Show that (AB)" = B’A’.
2 4
1 -4 AB 9 15
= =
We have A= [-2 2 4 8
3 5
i (9 4
I = @B=| o o
and B=13 04 1
I -1 2
. |3 {
1 -2 3 " X|=2
_ and BA'=(3 0 4}
= AB = 4 ) 5} X[—=1 0 3
2 4
9 4
1+2+6 3+0+12 =115 8
T | -4-2+10 —12+40+20

.. ()

... (i)

From (i) and (ii), we get: (AB) = B’A’
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Illlustrating the Concepts :

Show that any square matrix can be expressed as the sum of two matrices, one symmetric and the other

anti-symmetric.

Let A be the given matrix. Also (A=A’ =A' —(AY =A"~A=—(A-A)
Then A= % (A+A)+ % (A-A) = A — A’ is anti-symmetric.

1 . . .
Now (A+A)Y =A"+A"Y=A"+A = 5 (A —A’) is anti-symmetric

= A+ A’issymmetric

1 o 1 ,
A=—(A+A)+—-(A-A
5 ¢ )+ ( )

5 A+ A’) is symmetric. = symmetric matrix + anti-symmetric matrix

Note : Anti-symmetric and skew-symmetric matrix are same.

(iii)

(iv)

(v)

(vi)

(vii)

Idempotent Matrix

A square matrix A is called idempotent provided it satisfies the relation A> = A.

Periodic Matrix

A square matrix A is called periodic if A=A where kis a positive integer. If k is the least positive integer for which

AF*1 = A, then k is said to be period of A. For k = 1, we get A’ = A and we called it to be idempotent matrix.

Nilpotent Matrix

A square matrix A is called Nilpotent matrix of order k provided it satisfies the relation A* =Oand A*~1 £0, where k is

positive integer and O is null matrix and k is the order of nilpotent matrix A.

Involutory Matrix

A square matrix A is called Involutory provided it satisfies the relation A% =1, where I is identity matrix.

Orthogonal Matrix
A square matrix A is called an orthogonal matrix if the product of the matrix A and its transpose A’ is an identity matrix.

AA =1

Note :

() IfAA” =TIthenA™! = A
(i) If A and B are orthogonal, then AB is also orthogonal.

(iii)  All above properties are defined for square matrix only.
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lllustrating the Concepts :

1 -2 2
1
Verify that A = —| =2 Il 2| is an orthogonal matrix.
-2 -2 -1
Given :
1+4+4 -=-2-2+4 -2+4-2
| 1 -2 2 ) I -2 =2 =% -2-2+4 4+1+4 4-2-2
A==|-2 1 2| and A'=—|-2 1 -2 —2+4-2 4-2-2 4+4+1
3 3
-2 -2 -1 22 -1
100
1 -2 2 1 -2 -2 =(0 1 0
NowAA':l -2 1 2 ><l -2 1 =2 00 1

3
-2 -2 -l 2 2 A Hence A is orthogonal matrix.

ADJOINT AND INVERSE OF SQUARE MATRIX Section - 10

10.1 Adjoint of Square Matrix

The adjoint of a square matrix is the transpose of the matrix obtained by replacing each element of A by its co-factor

inlAl
In notation : If A = lagl, x then adjoint of A, briefly written as adj (4) is given by
Adjoint A = [Aij]'

1w x n» Where Aij is the co-factor of a;; in [A Il

Properties of Adjoint :

@) adj 0) =0 (i) adj () =1
(iid) adj (scalar) = scalar (iv) adj (diagonal) = (diagonal)
) adj (AT) = (adj A)T (vi)  Ais symmetric. then adj (A) is symmetric

(vii) adj (M) = A" -1 adj A, where n is order of matrix A
(viii)  If A is Skew symmetric matrix of order 'n', then adj A is
(@) Skew symmetric when 7 is even (b) Symmetricwhenn is odd
(ix) adj (AB) = (adj B) - (adj A)
x) A(adjA)=(adjA)A=I1AII, where 7, is unit matrix of order n

(xi) ladjAl=1A""!

(xii) adj (adj A)=1A1""2 A (A is non-singular matrix)
2

(xii))  ladj (adj A) | =1 A"~ D (A is non-singular matrix)

(xiv) A and adj A behave alike i.e.

(@) If A is singular, then adjoint of A is singular.
(b) If A is non-singular, then adjoint of A is non-singular.
(c) If A is invertible, then adjoint of A is also invertible.

Self Study Course for IITJEE with Online Support m 25



Determinants and Matrices Vidyamandir Classes

lllustrating the Concepts :

1 23
Calculate the adjoint of |3 5 7
4 7 9
3
- ie. 5=(-1)*x(9-12)=-3

1 2
Let A=|3 5
7 Co-factor of (2, 3)th element

479

ie. T=(-1P°x(7- 8 =1
Co-factor of (3, 1)™ element

ie. 4=(-1*xU4-15=-1
Co-factor of (3, 2)™ element

ie. T=(=1P x(71-9)=2
Co-factor of (3, 3)™ element

. _ 4 _

be.  3=C1)7x(@21-20)=1 e, 9=(C1xG-6)=-1
Co-factor of (2, 1M element

Co-factor of (1, 1)™ element
ie. 1=(-1)>x(45-49)=-4

Co-factor of (1, 2)™ element
ie. 2=(-1Px(27-28) =1

Co-factor of (1, 3)™ element

ie. 3=(-1P¥x18-21)=3 -4 b -4 3 -
Co-factor of (2, 2)th element adjointA=| 3 -3 1) )= 1-3 2
-1 2 -1 1 1 -1
10.2 Inverse of Matrix
Before understanding the meaning of inverse of matrix, we must learn two types of matrices.
(i) Singular Matrix
A square matrix ‘A’ is said to be singular if A | = 0.
(i) Non-Singular Matrix
A square matrix ‘A’ is said to be non-singular if [A|# 0.
Inverse of a Matrix
Let A be an n-rowed square matrix. If there exists an n-rowed square matrix B such that
AB=BA =1,
then the matrix A is said to be invertible and B is called the inverse of A or reciprocal of A.
Note : 1. Only square matrices are invertible, i.e., possess inverse.
2. From the definition of inverse given above, it follows that if B is the inverse of A, then A is inverse of B.
3. The necessary and sufficient condition for a square matrix A to possess inverse is that | A | #0 (i.e. A is
non-singular).
Finding the Inverse of Matrix Using Adjoint Matrix
We know that
A.(Adj A .
A (AdjA)=1AI I or %:1 provided | A 120
(Adj.A)
Also AA™' =1 = A= ——=
[A]
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10.3

104

Illlustrating the Concepts :

1 3 =2
Compute the inverse of the matrix : |=3 0 =5].
2 5 0
25 -10 -15
Lo A=A L) 04
lA1=1(0+25-3(0+10)-2(-15)=25 L -3]

=  Aisnon-singular = Al exists.
25 10 -15] [25 -10 -I5
adiA=]-10 4 1 | =|-10 4 11
=15 11 9 -15 1 9 T3

w
Bl= e el
&

Properties of Inverse of a Matrix
@) Inverse of a matrix if it exists is unique.
G) AA'=AT'A=1
i) @A Hl=A
(iv) kA =kTATVIE k20,
) (AB) ' =B A" in general (ABC . ... ... zy'=z"y . L B Al
o) @ht=@h’
(vii)  TfA=diag A Ay ..., A ), then A exists if A, 20 V iand A" =diag (A, 4,7, ..., A7),
Also, A™ = diag (A", A%, ... A") ifme N
(vii)  If a square matrix A satisfies the equation ay + a,x + a, L a,x" =0, then A is invertible if a, # 0 and

its inverse is given by:

-1 -
Al =— (g T+ayA+...a, A77']
ag
Characteristic Equation : (Not explicitly asked in any exam)
Let A be any square matrix of order 7, its characteristic equation is a polynomial of degree # given by

| A-A1, | =0, where / denote identity matrix of order 7.

all —ﬂ, Lllz L113 A aln
ar [25)) - azz ... dry,
a a ap—A....a
|A—/1]n|= 31 32 33 3n -0
a4yl an2 an3 ann_ﬂ’
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a b . - P I M)
Let 4 be { } then its characteristic equation is 4 7»‘ =0 = M —(a+d)h+ad—bc=0
c ¢ -
a,; =k ay a3
Let A be3x3 matrix, 4=(q;),;, its characteristic equationis | a,, a, -\ a, |=0

a3 asy a5; — A
Roots of characteristic equation are known as characteristic roots of matrix or eigen values.

Result : Every matrix satisfies its characteristic equation.

b
It 4= {a d}’ its characteristic equation is A* —(a+d)A+ (ad —bc) =0, then 4> —(a+d)A+(ad —bc)l, =0
c

Illlustrating the Concepts :

01 0
1. IfA=|0 0 1|,

b q r

IfA3 :}CAZ +yA +Z[3, Find (x;,yn Z)'

Characteristic equation A is given by

0-4 1 0
0-4 1 |=0 = —2(-r2+4’—g)~(-p)=0
p q r-4
= —ﬂ,3+rﬂ,2+qﬂ,+p=0 = ﬂ,3—rﬂ,2—q/1—p=0
= A3—rA2—qA—pI3=O = A3=rA2+qA+pI3

(x. 5. 2)=(r.q. p)

1 0 0
2. IfA=|0 1 1|, A ' =x4?+yd+zI,find (v, y,2).
0 2 4
1-4 0 0
Characteristic equation of Ais: | 0 1-4 1 |=0
0 -2 4-1

= (1=2)(0-)(E-2)+2)=0 = (1-2)(F -52+6)=0

= A3 4627 -111+6=0 = 23622 4114-6=0
= A —64% +114-61=0
— A :l(A2—6A+111) = (x,y,2)= S

6 6 6
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ELEMENTARY OPERATIONS (OR TRANSFORMATIONS) Section - 11

An elementary operation on a matrix is an operation which when applied, does not change the order of the matrix.
If the operation is applied to rows, then it is called an elementary row operation and when applied to columns, it is

called an elementary column operation.

11.1 Elementary Row Operations
The following type of operations are called elementary row operations.

@ Interchange of two rows : The interchange of i and j‘h rows is denoted by R;

i which means R, <> Rj.

(i) Multiplication of the elements of any row by a non-zero scalar k- Multiplication of the elements of i row by
k (# 0) is denoted by R, (k), which means R; — kR;.

(iii) Addition to the elements of any row of the matrix, corresponding elements of any other row multiplied by a
scalar k.

Addition of k times the j’h row to the i row is denoted by R, j (k), which means R, — R; + kRj.

11.2 Inverse of a Matrix from Elementary Row Transformation

If A is reduced to I by elementary row (L.H.S.) transformation, then suppose [ is reduced to P (R.H.S.) and no change

inAinRH.S.
ie., A=IA
After transformation I=PA then P is the inverse of A P=A"1

lllustrating the Concepts :

1 25
Use the method of elementary row transformations to compute the inverse of | 2 3 1.
11

I 25 -1
Let A={2 3 1
-1 1 1

= Write A = IA

1 25 1 00
2 3 1|=(01 0/A
-1 1 1 0 0

Operate R, — R, —2R; and Ry — Ry + R,

0 -1 -9|=|-2

1
R
1 2 511 0
1
0 3 6] |1 O

1
Operate R, — — R, and R; — 5 Ry

1 25 1 0 O

01 9{=12 -1 0A

01 2 lol
3 3
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Operate R, — R —2R, and R; — Ry =R, Operate R, — R, +13R;and Ry, — R, —9 Ry
10 -13] [-3 2 0 2 1B
01 9|=2 -10|4a 1oo] 2 7 2
00 7] | s 1 01 0f=-+ 2 2
- -z 1 = 0 0 1 7 7 7|4
| -G 511
Operate Ry — — - Ry | 21 7 21
_ (2 1 13]
1 0 -13 -3 2 0 — = -
01 ) Lo 21 7 21
2= - L1 o2 3
00 1 5 1 1 = AT=|-7 7
= - 7 1 7
21 7 21 3 1 1
20 7 21
SOLUTION OF SIMULTANEOUS LINEAR EQUATIONS Section - 12
12.1 Solution of Simultaneous Linear Equations
Let us consider a system of n linear equations in n unknowns say x, X,, . . ., X, as given below :
apXy +apx, + ... +agx, =by
Ay X| + GppXy + ...+ ayX, = b, eoo (i)
anl‘x.l .+ an.ZJ;Z. ..ot al; /‘l)én = bll ‘
Ifby=hy,=...=b, =0, then the system of equations (i) is called a system of homogencous linear equations and if
atleast one of by, by, . . ., b, is non-zero, then it is called a system of non-homogeneous linear equations.

We write the above system of equations (i) in the matrix form

anx + ajp Xy o Ay, Xy, b]
arnn + appXy o ay, Xy _ b2
Ay X + AyoXy + e App Xy, b,
ap A veveee eeenn [ X| bl
ang (253 N T PP ary, Xn _ b2
N =
Ayl Ay e e A | X, b,
AX=B ... (i)
ap A1) ceeene eeeenn A X bl
danq (2 T TT RPN ay X b2
where A = "I,X=|"" |and B=|
Ayl Qpy weeeee oo Ay X, b,

Pre-Multiplying (ii) by A~
A'AX=A"'B = IX=A"B = X=A"'B
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12.2 Rule for Solving System of Equation by using Matrix Method

(A) When system of equations is non-homogeneous :
(i) Ifl Al=#0, then the system of equations is consistent and has a unique solution given by X = A7 B.
(i) IfIAI=0and (adj A). B # 0, then the system of equations is inconsistent and has no solution.
(i) IflAl=0and (adj A). B = 0 then the system of equations is consistent and has an infinite number of

solutions.

(B) When system of equations is homogeneous :
(1) IfIAl=#0, the system of equations have only trivial solutions and it has one solution.
(i) TfIA1=0, the system of equations has non-trivial solutions and it has infinite solutions.

(i) If Number of equations < Number of unknowns, then it has non trivial solution.

Note : Non-homogeneous linear equations can also be solved by Cramer’s rule. This method has been discussed

in the section on determinants.

lllustrating the Concepts :

1 2 3
Find the inverse of the matrix A=|1 -2 3 | and hence solve the equations :
1 2 -3

X+2y+3z=11, x-2y +3z=3, x+2y-3z=-1L

Wehave|lAl=1(06-6)-2(3-3)+32+2)=24 The solution of the given equations is X = A'B
Now as |A|# 0, then it is a non-singular matrix hence X 0 1/2 1/2 (11 1
A~ exist and has unique solution : ie. y|=|1/4 -1/4 O 3 (=2
0 12 12 z /6 0 -1/6)\ -1 2
Now adj A=16 -6 0 Hence x = 1, y = 2 and z = 2 is the required solution.
4 0 -4
0 172 1/2

A“:ﬁ-adjf\:m -1/4 0
176 0 -1/6
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lllustration - 12 1 a a2

The value of |1 b lor|a b cf is:

1 ¢ 2 at v 3l
A (a-b)(b-¢c)(c-a) (B) (b-a)(c-b)(c—-a)
©) ab-c)(c-a) (D) None of these

SOLUTION : (A)

By property 1, i.e. changing rows into columns, we

2
get the second form of determinant : =(b-a)(c-a) (1) 611 bi a
Operating R, — R, - R, 0 1 c¢+a
and Ry — R; — R in first one, we get : —(b—a) (c—a)[(c+a)—(b+a)]
1 a a* =(b-a)(c—a)(c-Db)
=0 b—a b*-a° =(a—-b)(c-a)(b-c)=RH.S.
2 2

lllustration - 13 B2 4+ 2 ab ac
The value of ab +a’ bc is
ca cb a’ +b?
(A) 4abc B) 3a%b*c? (C) 4a*b*c? D) None of these

SOLUTION : (C) 0 b2 o2
Multiply C, by a, C, by b and C; by ¢ and hence divide =222 2442 o2
the determinant by abc.

-6 B> A’ +b

ab* +c%) ab® ac? 0 b2 c?
=% a’b b(c? +a%) bc? =-2(c? 2yra® 2
abc
a*c cb? c(a* +b%) b2 »2 a2+ b2
b2 4 o2 b2 2 Now applying C;, - C, - C,and C; — C; - C,
= a_l;c a* 2 +a? c? ()] 0 b
ave a2 b2 aZ+p? =—21c> 4> 0
- e et B2 0 d
(Taking out a, b, ¢ from R| ,R,, R; respectively)
_ 2022 200 212
Now applying C|, — C, - C, — C; =-200-b(@am=0) + 7 (0 —a”b7)]

=4 a*b*c* = RHS

Note : From step (i), you can proceed the approach followed for INE-A, Q.3(ii1)
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Illustration - 14

a b c

Determinants and Matrices

The value of |P ¢ @| = 34— B then the value of A and B are :

c a b
(A) A=2abc, B=a+b+c
©) A=3abc,B=a+b+c (D)
SOLUTION : (D)
Operating R, — R, + R, + R, , We get:

a+b+c b+c+a c+a+b

= b c a
c a b

1 11

=(a+b+c¢)|b ¢ a

c a b

ca+ab ca+ab

(B) A=0,B=a>+b*> +c

A=3abc,B=a3 +0°+c3

Operating C; — C, - C, and C, — C, — C;, we get:

0 0 1
=(a+b+c)|b—c c—a a

c—-a a-b b
=@+b+c)[(b-c)(a-b)—(c-a)
=(@+b+c)lab+ bc+ca-a*-b> -2

=3 abc —a® - b3 — 3 =RHS

The value of |ab+bc  —ca  ab+bc|is:

bc+ca bc+ca —ab
2.ab 3
(A)  Zab (B) 5 (C)  (Zab) (D) None of these
SOLUTION : (C)
Operating R, — R + R, + R, , we get
) Operating ;| — C, - C,and C, — C, — C;, we get :
Zab Zab Zab ‘
=|lab+bc —ca ab+bc 0 0 1
bc+ca bc+ca —ab = Zab Zab —Zab ab + bc
| | | 0 Yab —ab
=Zab ab+bc —ca ab+bc 3
bc+ca bc+ca —ab = (Zab) =RHS
lllustration - 16 o+ C)z a2 a2
2 2 2
The value of | b (c+a) b =abc (a + b +c)*. The value of is :
2 c? (a+ b)2
(A) 1 (B) 2 (©) 5 (D) 1
SOLUTION : (B)
(0] ting C Cc, -C dcC C,—-C, t:
perating . — ¢ yand €, = G, 3, WE 8 b+c—a 0 a?
(b+c)2—a2 0 a2 =(a+b+c)2 b—c—a c+a-b b?
=|b>—(c+a)® (c+a)’-b° b> 0
0

2 —(a+bh)? (a+b)

c—a-—b (01+b)2
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i - : C C;
Operating K5 = ft, = (R, + ;). we get: Operating C, — C, +— and C2—>C2+7’,we get:
1
b+c—-a 0 a* )
2 b+c da*lb a®
=(a+b+c)?|b—c—a c+a—b b

— 2 2 2
2(a—b) _ 24 2ab =2(a+b+c) | b°/a c+a b

0 0 ab
b+c—-a 0 a*
Now evaluating by third row, we get :

—2(a+b+c)?|b-c—a cta-b b*
2(a+b+c)2[ab(c2+ac+cb)]

a—->b —a ab
Operating €, — C, + C,, we get: =2abc(a+b+c)=RH.S.
b+c—a 0 a’

=2(a+b+c)> 0 c+a—-b b’
-b —a ab

lllustration - 17 g Aamyaeaem of system of equations: x+2y+z=2,2x-3y+4z=1,3x+6y+3z=6 havex,y and z is :

; 8+11k 3+2k ; 8—11k 3+ 2k
A x= , V= , 2=k B x= , Y= , 2=k
(A) = T (B) T Y=o 2
11 +4
(®) szk,y=3 = k,zzk (D) None of these
SOLUTION : (B)
1% and 3" equations are integral multiple of each other. {x +2y=2-k
=
(dependent equations) 2x-3y=1-4k
= D=D=D,=D;=0 342k 811k

e . = = and X=
= infinite solutions Y 7 7

consider x + 2y + z =2 S—11k 342k
Hence =x= , V= and z=k
2x -3y + 4z =1 7 7
Let z=k where k is an arbitrary constant.

—_

lllustration - 18 7
2 0 1} .
s .
1

1
3
Given A= 1 ,B={3 4] The value of P such that BPA = {
1

A) po|d 7T ®B) P__'017 ©) |l LT ) P e B
- 135 1 13 -5 -1 13 5 5

OO —
W oA e

350

SOLUTION : (D)

Gi BPA = Lol 1 Lol

1ven - 01 0 ‘ = IPA = B~ 010

Pre-multiplying both sides by B~! 1 01
= PA = 371 O 1 O oo (i)

1 1
B'BPA =B 0
010
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To find B :

2 3
Now B=

3 4

23
3 4

so it is a non-singular matrix and hence inverse of B

IBI:‘ ‘:8—9:—17&0. As|BIl#0

exists.

L gl AdiB_[-4 3
|BI 3 -2

Note : For a 2 x 2 matrix, adjoint can be obtained by

swapping diagonal elements and changing the sign of

non-diagonal elements

Now from (1),
-4 3 1 0 1
PA = X
[3 —2} [O 1 0}

-4 3 -4
= PA =
3 -2 3

Post-multiplying both sides by A~

-4 3 -4

-1 _ -1
PAA _L L, 3|4

Determinants and Matrices

-4 3 -4
= Pl= A

3 -2 3
-4 3 -4
P= A ... ()
3 -2 3
To find A~ ;
I 11
since A=|2 4 I|.Now [Al=-1#0
2 31
= it is non-singular matrix and hence A~' exists
I 2 -3
adji(A)=| 0 -1 1
-2 -1 2
Adi A -1 -2 3
i LS ) T
An= [Al
2 1 =2
Now using (ii),
-1 -2 3
-4 3 —
P:{ }x o 1 -1
3 -2
2 1 =2
p -4 7 -7
:} =
3 -5 5

lllustration - 19 1 2 2

IfA=1{2 1 2|. Show that A*> — 4A — 51 = O where I and O are the unit matrix and the null

2 2 1
matrix of order 3 respectively. Use this result to the value of Al s :
35 25 25 2fs 35 35
(A) 2/5 -3/5 2/5| (B) 3/5 -2/5 3/5 (C)
2/5 2/5 -=3/5 3/5 3/5 -2/5
SOLUTION : (A)
Given :
1 2 2
A=|2 1 2
2 21
1 2 2 1 2 2 9 8 8
AQA‘A=212X212=898
2 21 2 21 8 8 9

-1 3/5 3/5
35 -1 3/5 (D) None of these
35 3/5 -1

= A2_4A-5I

9 8 8 1 2 2 1 00
=({8 9 &|-412 1 2(-5/]0 1 0
8 89 2 21 0 01
0 0O
=0 0 O
0 0O
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) ) -3 2 2
A“—4A -5I=0 = S5I=A"-4A |2 -3 2
Multiply A~!on both sides, we get : 2 2 -3
- -3/5 2/5 2/5
b2 Lo oA =] 23 23 i =|2/5 -3/5 2/5
SAT'=A-4I=[2 1 2|-4/0 1 0 B ~5 - - -
2 2 -3 2/5 2/5 -=3/5
2 21 0 0 1

lllustration - 20 A= cos*®  cosO sin® i cos* cos O sind
c0s0 sind sin*0 cos O sind sind

And AB is the zero matrix if © and ¢ differ by

(A) an odd multiple of © (B) an even multiple of &

©) an odd multiple of m/2 (D) None of these

SOLUTION : (C)

Hete,  AB = [ cos20  cossin 6] { cos’¢  cosdsin (1)]

| cosOsin6 sin> 0 cos d sin ¢ sin” [0}

cos> 6 cos” 0 + cos O cos d sin O sin ¢ cos> 6 cos Osind + sin’ ¢ sin O cos O
L cos? ¢ cosOsin0 + sin” 0 sin dcosd cos 0 cos¢ sinOsin ¢ + sin” 0 sin? (0}

cos 6 cosd (cosO cos O + sin B sin ) cosO sind (cos O cos ¢ + sin O sin P)
" | sinB cosh (cosB cosd + sinOsin )  sin O sind (cos O cos ¢ + sin B sin )

cosBcosdcos(0—0) cosOsindcos(0— o) ©—0) cosBcosd cosOsind
~ | sin@coscos(®@—¢) sin 6 sind cos (0 — ) =0 ¢ sin@cos¢® sinOsing

Clearly AB is the zero matrix if cos (0 —¢) =0, i.e., it 0 — ¢ is an odd multiple of w/2.

g} when od — By # 0 is:

lllustration - 21 ) . o
The inverse of the matrix A=
5

Y
_’B ] ,B o
ad — oo — af -y oo - [
A) i By By B) /J’_ 7 B
14 o o o
|\ as- By ad- By | oo -y of-pPy
-y T
off—y0 ad-po
© (D) None of these
Y B
| ad - By oo~ Py |
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SOLUTION : (A)
o6 -B
- Lv o }

£

o P . 4 adi.A 1|8 P
lAl= =08 —By#0 (Given) i e AL
‘Y 5‘ Now 1Al 1All-y «
ie. ‘A’ is non singular.
A possesses the inverse Al i _—B 8 —B
_[TAT AL od—PBy ad—By
di A = & -—v i (Replacing each element - -y o -y o]
A by its co-factor in A) [Al 1Al ad—By od—PBy
llustration - 22 4 -
I 1 tan® 1 tan® _|a b . then find a, b.
tan© 1 —tan® 1 b a
(A) a=tan@, b=cot@ (B) a=cos20,b=sin26
©) a=cot@,b=tan@ (D) a=sin@, b=cos?26

SOLUTION : (B)

1 o] 1 1 —tan®
—tan® 1 14+ tan2@| tan® 1

a —-b 5 1 —tan® 1 —tan0
=cos” 0
b a tan © 1 tan O 1

) [1—tan29 —2tan6] {cos% —sin20
=cos” 0 =

| sin20  cos20

5 } = a =cos 20, b =sin20
2tan 0 1—tan” 0O

Wlf a, b and c are all non-zero such that l +£+l:0, then the matrix

a b c
I+a 1 1
A= 1 1+b 1 is and
1 1 1+4c¢
(A) symmetric, non-singular (B) symmetric, singular
©) skew symmetric, singular (D) skew symmetric, non-singular
SOLUTION : (A)
1 1 1
l+— - =
. . a b c
Note that A is symmetric. Next, we have | Al=abc 1 1 1
- 1+= _
a b ¢
1,1
a ¢
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Operating C, — C, + C, + C,, we get :

Vidyamandir Classes

1 1 1 1 1 1 1
I+—+—+- - — 1 - -
a b c b c b c
1 1 1
= abc 1+l+l+l 1+l 1 =abc|l 14— 1 {.-—+—+—:O}
a c ¢ ¢ a b c
1+l+l+l 1 1+l 1 1 1+l
a ¢ ¢ c
1 1
1 PR
c
Operating R, — R, — R and R, — R, — R we get: abc 0 1 o= abc #0
. . 0 o 1
Hence A is non-singular.
JUECEHEIER Y If o # 1 is a cube root of unity, then
1+ 20'® + o’ 1
A= 1 1420 + ® is :
(0] o’ 2+ 0% +20°®
(A) non-singular (B) singular
©) can-not be determined (D) None of these
SOLUTION : (B)
We have, o*" "' =@ and 0¥ "2 = o’
i 2 2
1+20+w ) 1 o o 1
o)
A= 1 1+ 0" +20 ® lAl=0|1 1 o |=0 [taking ®common from C,]
0 o’ 2+ 0+ 20’ 0 0 -0
(o o 1 Thus, | A 1 = 0 and hence A is singular.
=1 o o [+ 1+ 0+0’=0]
© o -

The matrices X that commute with the matrix

1S

o d

1(2a 2b 1(2b 2a
(A) =— (B) =—
2(3b 2a+3b 2\3a 2a+3b
1(2a+3b 2a
C == D N th
© 3( 3a 2a+3bj e e
SOLUTION : (A)
b
LetA:(a jbeamatrix that commute with Then a byl 2 = I 2)fa b
c d c d)\3 4) \3 4)lc d

1 2
3 4

o}

a+3b 2a+4b
c+3d 2c+4d

b+2d
3b+4d

a+2c

3a+4c¢

ptvier 1
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= a+3b=a+2c, 2a+4b=b+2d

= 3b=2c,2a+3b=2d )

and c¢c+3d=3a+4c, 2c+4d=3b+4d

= 3b=2c,3a+3c=3d = a+c=d;3b=2c

Determinants and Matrices

b
Thus, A may be taken as ¢
3(b12) a+3(0/12)

A—l 2a 2b
= 203 24+

where a, b are arbitrary numbers.

WEHE TR If M is a 3 % 3 matrix, where M' M = I and det (M) = I, then the value of det (M — 1) s :

A -1 (B) 1 ©
SOLUTION : (C)
M-DT=MT—1=MT—M"M =M (I-M)
= WM=-Dll=IM-I1=IM11I-MI=11-M|
Hence |M—-1|=—-|M-1| = |[M-1|=0
Another Approach :
det (M — 1) =det (M —T) det (M7)

0

(D) None of these

=det (MMT — MT)

=det (- M")=—detMT -1

=—detM-1)"=—det (M -1
= det(M—-1)=0

JUBSEHEIER TS The solution of the following equations :

Ax+2y-2z-1=0,4x+2hy—-2z-2=0,6x+6y+Az—-3=0

considering specially the case when \ = 2 is :
1

(C)  x=k y=3—k z=0 (D)
SOLUTION : (A)
12 2
D=4 24 —1|_sq_2yd2+24+15
6 6 A
12 -
D =2 24 —1|=200+6)(-2)
3 6 A
A1 =2
Dy=14 2 “l_n 23
6 3 A
102 1
Di=|4 22 2(_¢a
6 6 3
For A#2
(A +6) 24+ 3

12 +2,1+15)’y: 2(A% + 24+ 15)

x=2k,y=2-k,z=1

1

N=2k y=t ok z=1
Y73

3(1-2)
A2 420 +15
ForA=2;D=D,=D,=D;=0
Hence infinite solutions exist.

Equations are :

2x+2y-2z=1 eeeo (@)
4x+4y—z=2 I (1))
6x+6y+2z=3 ... (iii)

Operate (1) + (ii) — (iii) to get: =0

Let x =k, then y:%—k

Hencex=k, y = % — k and z =0 s the solution where

k is any arbitrary constant.
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Illustration - 28 Jygrwmee Sfund had Rs.50,000 that is to be invested into two types of bonds. The first bond pays 5%
simple interest per year and the second bond pays 6% simple interest per year. Divide Rs.50,000 among the two types

of bonds so as to obtain an annual total interest of Rs.2780.

(A) Rs.22,000, Rs.28,000 B) Rs.15.,000, Rs.35,000
©) Rs.30,000, Rs.20,000 D) Rs.25,000, Rs.25,000

SOLUTION : (A)
Let Rs. 50,000 be invested into two parts Rs. x and 5 (50,000 — x) 6
Rs. (50,000 — x) in which first part is invested in first - {ﬁx * T}
type of bond and second part is invested in second
type of bond. These two amounts can be written in = {3000—%} =[2780] (Given)
the form of a row matrix ie., A=[x 50,000 — x]
and the interest per rupee annually for the two bonds On comparing, 3000 — ﬁ =2780
are 5/100 and 6/100 which can be written in the form

5/100 = 20— =0 = x=22000
of a column matrix, i.e., B = 100
6/100 .
Hence the required amounts are
Total interest per year
5/100 Rs, 22,000 and Rs. (50,000 —22,000)
=AB = 50,000 — x] x
x d {6/100} ie, Rs.22000 and Rs.28,000.

WS ERER  [7 S is a skew-symmetric matrix of order n and I + S is non-singular, then

A=I=-S) (I+S8 7 isan orthogonal matrix of order n.
(A) False (B) True ©) Can not be determined

SOLUTION : (B)

» =(U-S'U-5UT+SU+ 9T,
AT=[a+s] r-sy

Since I+ ) I~ S)=(I—S) (I +5)
= -7 A+9), ~1.1-1
Since §” = - §; S being skew-symmetric. o A=I-S8) U + Sy is a square matrix of order 7.

ATA=d-S"Ud+HUT-S)UT+ 8!

WCELEVNEE ST The values of ‘o do the following equations x +y + z =1, x + 2y + 4z=0, x + 4y + 10z = o

have a solution?
(A) o=0,1 (B) o=1,2 ©) oa=2,3 (D) None of these

SOLUTION : (B)

11 1] |11 1

D=|1 2 4|={0 1 3|=0 "7 A
14 10| |03 9 By =R =R
'R o 0 1

Di=la 2 4|=|a-2 2 4| oo, O aT
&2 410 |24 6 10 andCy — C, — Gy
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I 1 1 1 0 0
D=l @ 4l= |l a-1 30 0 6= 6 -6
1 0{2 10 1 0!2 —1 andC3 — C3 — Cl
11 1 10 0 v GGy -G
Dy=1 2 a|=1|11 a-=-2|=0-2)(-1) andC; — Cs — G
1 4 42 1 3 42-1

As D =0, the system is consistent if and only if it has infinite solutions.

= D =D,=D;=0 = oa=lora=2
Casel:a=1
The given equations are :
x+y+z=1 ceea (i)
x+2y+4z=1 RN (1))
x+4y+10z=1 ... (i)

Solve equations (i), (ii) and (iii) toget: y=—3zandx=1+2Z

Hence the solution setis : x=1+ 2k, y = -3k, z =k where k is any arbitrary constant.

Casell:a=2
The given equations are :
x+y+z=1 eeeo(iv)
xX+2y+4z=2 veee(V)
x+4y+10z=4 eeea (Vi)

Solve equations (iv), (v) and (vi)toget: x=2zandy=1-3z

Hence the solution setis: x=2f,y=1-3t,z=1twhere 7is any arbitrary constant.

llustration - 31 4 A0
The inverse of [ j is X where A, C are non-singular matrix and also the inverse of
1000 Boo
1 1 00
is Y, then X and Y are :
1 110
1 111
1 0 0 1 1 1 11
A7t -1 101 A 1 -1 101
(A) X= ,Y = (B) X = ) ) ,Y =
c'Ba™ C 0 1 11 c'Ba! ¢ 1 011
0 0 11 0 0 1 1
1 1 11 1 0 0 O
A 0 -1 101 Al 0 -1 1 0 0
©) X= LY = (D) X = Y =
c'a'B 1 1 0 11 _clga! ! 0 -1 1 0
0 0 11 0O 0 -1 1
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SOLUTION : (D)
First Part :

N A O Al 0
: B C){-c'Ba™! ¢!

AA™ 0 _[1 0]
BAT'—cc'BA™' cc') \0 I

. A~ 0 (A ©
o -c7'pa™t ¢c')\B C
_ A7lA 0 _(1 0]
—-c'BA'A+c'B c'c) \O I
A o) . A0
Hence is the inverse of =1.
clga! ¢! B C

Second Part :

0

B C

— o O O
Il
//
S
o
~—

— e

1
1
1

Vidyamandir Classes

1
Where A= [1

Inverse of

= ok =
—_ = = O
— = O O

1
since C' BA™' = [_

WLet A and B be matrices of order n. if (I — AB) is invertible, and (I— BA) is also invertible then the

(1- BA) ™ value of is :

(A) I (B) I—-B(I—-AB)'4(C)

SOLUTION : (C)

I—BA =BIB! - BABB™!

=B(-AB)B! .o ()
Hence, |/-BAI=IBIII-ABIIB"|

=1I-ABIIBIIBI

=|I-ABIIBIIB'I=1I-AB| ...(ii)

[ 1BLIB 1=BB 1=111=1]

If I - AB is invertible, | I — AB | has to be non-zero.

0 T

I+B(I-A4B)'4 (D)

None of these

Hence, | I — BA | #0 and therefore I — BA is also invertible
Now (I-BA){I+B(I-AB)"'A}
=(I-BA)+(I-BAB (I-AB)'A
=(I-BA)+{BU-AB)BYYBU-AB)' A
(Using (1))
=(I-BA)+B(I-AB) (I-AB)'A
=I-BA+BA=1

Hence, (I-BA)'=I+B(I-AB)'A ... (iii)
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